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Let K be any field and the symmetric group S act on the rational function fieldn
 .  .  . y1K x , . . . , x by s x [ x if s g A and s x [ x if s f A . We shall1 n i s  i. n i s  i. n
 .Snshow that the fixed field K x , . . . , x is rational over K. Similar results for1 n
actions of S on the symmetric powers and exterior powers of V [ [n K ? x aren iis1
valid. Q 1997 Academic Press
1. INTRODUCTION
Let S be the symmetric group of degree n, and A the alternatingn n
group. For any field K, let V [ [n K ? x be the n-dimensional vectoriis1
 .  .space over K and K V [ K x , . . . , x the field of rational functions on1 n
the space V. More precisely, the field of rational functions on V is the
quotient field of the symmetric algebra of the dual space of V. However,
 . .  .we shall identify it with K x , . . . , x . The ordinary action of S on K V1 n n
 .is defined by s x [ x for any s g S . Instead, we may consider ai s  i. n
``multiplicative'' action defined by
x , if s g As  i. n
s x [ .i y1 x , if s g S _ A .s  i. n n
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wThe multiplicative action of a finite group has been considered in F, S1,
xS2, HK1, HK2 . The purpose of this paper is to study whether the fixed
 .Sn field K V and some related fixed fields are rational s purely transcen-
.dental over K.
 .By suitable change of variables see Lemma 2.3 , the above multiplica-
tive action may be reduced to the following
Case 1. char K / 2,
x if s g A ,s  i. n
s x [ .i  yx if s g S _ A .s  i. n n
Case 2. char K s 2,
x if s g A ,s  i. n
s x [ .i  x q 1 if s g S _ A .s  i. n n
 .We shall call the actions of S on K V for Cases 1 and 2 the twistedn
actions of S .n
 .  k . .Similarly we may define twisted actions of S on K V , K S V ,n 0
 k . . k . k .K H V where S V and H V are the symmetric and exterior powers
of V, respectively, and V is the hyperplane of V defined by x q x0 1 2
q ??? qx s 0. It will be shown that all these fixed fields are rational overn
 .K. See Theorem 3.5 and Section 4. We should like to point out that,
w xusing results and techniques in HK3 , there is essentially no difficulty to
attack the problem if char K / 2. However, it is the case of char K s 2
that extra difficulty arises and new methods should be developed.
The organization of this paper is as follows. In Section 2 we shall prove
 .Sn  .Snsome lemmas. The rationality of K V and K V will be proved in0
 k . .Sn  k . .SnSection 3. The rationality of K S V and K H V will be proved
in Section 4.
Standing Notations. Let K be any field and
S , the symmetric group of degree n;n
A , the alternating group of degree n;n
V, the n-dimensional vector space over K with basis x , . . . , x ;1 n
 .V , the quotient space of V by the subspace K ? x q ??? qx ;0 1 n
 .GL K , the group of invertible m = m matrices over K ;m
 .M K , the set of s = t matrices over K.s, t
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If U is any vector space over K with basis y , y , . . . , y , then1 2 m
w x w xK U s K y , . . . , y , the polynomial ring of m variables over K ;1 m
 .  .K U s K y , . . . , y , the rational function field of m variables over1 m
K ;
 .P U , the projective space associated to U;
  ..  .K P U s K y ry , y ry , . . . , y ry , the rational function field of2 1 3 1 m 1
m y 1 variables over K ;
S k .U, the k th symmetric power of U;
H k . U, the kth exterior power of U.
w xIf L is a finite extension field of K, then L : K will denote the vector
 .space dimension of L over K. When S acts on V and V by s x [ xn 0 i s  i.
for any s g S , we shall call such actions the ordinary actions of S on Vn n
and V . The twisted actions of S will be defined in Definitions 3.1, 4.3,0 n
and 4.5. All the actions we consider are K-linear, unless otherwise speci-
fied. In this paper, it is unnecessary to assume that char K s 0 or K is
algebraically closed; K is simply an arbitrary field.
2. SOME LEMMAS
We recall the following
w xLEMMA 2.1 HK3, Theorem 1 . Let G be a finite group acting on
 .L x , . . . , x , the rational function field of m ¨ariables o¨er a field L.1 m
Suppose that
 .  .i for any s g G, s L ; L;
 .ii the restriction of the action of G to L is faithful, i.e., the induced
 .  .homomorphism G ª Aut L is injecti¨ e where the Aut L is the group of
automorphisms of the field L;
 .iii for any s g G,
s x . x1 1
s x . x2 2s A s q B s , .  .. .. .. . 0 0 xs x m .m
 .  .  .where A s g GL L and B s is an m = 1 matrix o¨er L.m
 .  .Then there exist z , . . . , z g L x , . . . , x so that L x , . . . , x s1 m 1 m 1 m
 .  .L z , . . . , z with s z s z for any s g G, any 1 F i F m. In fact,1 m i i
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z , . . . , z can be defined by1 m
m
z [ a x q b , for 1 F j F m ,j i j i j
is1
 .  .where a g GL L and b g L for 1 F j F m.i j 1F i, jF m m j
In particular, let K be any field, U be a finite-dimensional vector space
 .over K, G ª GL U a linear representation of G. Suppose that there is a
 .G-equivariant subspace W contained in U such that G ª GL W is
 .G  .Ginjective and K W is rational over K. Then K U is rational over K.
LEMMA 2.2. Let V [ [n K ? x be the n-dimensional ¨ector space o¨eriis1
K and U the hyperplane in V defined by x q x q ??? qx s a where a g K.1 2 n
w x w x  .Suppose that S acts on K V and K U by ordinary actions, i.e., s x [n i
x for any s g S . Thens  i. n
Snw x w xK U s K f , f , . . . , f ,2 3 n
where f , f , . . . , f are the elementary symmetric functions in x , x , . . . , x .1 2 n 1 2 n
w xProof. The case when a s 0 has been proved in HK3, Lemma 1 . The
proof for any a g K is just the same.
 .LEMMA 2.3. Let K x , x , . . . , x be a rational function field of m1 2 m
¨ariables o¨er K. Suppose that a finite group G acts on this field by
s x s x or xy1 , for any s g G, .i j j
where j depends on s and i.
 .i When char K / 2, then the action of G is equi¨ alent to
s y s y or yy , for any s g G, .i j j
 .  .where K x , . . . , x s K y , . . . , y .1 m 1 m
 .ii When char K s 2, then the action of G is equi¨ alent to
s z s z or z q 1, for any s g G, .i j j
 .  .where K x , . . . , x s K z , . . . , z .1 m 1 m
 .Proof. i Define y , . . . , y by1 m
1 y xi
y [ .i 1 q xi
 .  .  .It is routine to verify that K x , . . . , x s K y , . . . , y , and s x s1 n 1 n i
"1  .x if and only if s y s "y .j i j
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 .ii Define z , . . . , z by1 m
1
z [ .i 1 q xi
 . y1  .It follows that s x s x or x if and only if s z s z or z q 1.i j j i j j
 .  .3. THE CASE OF K V AND K V0
Recall that V [ [n K ? x is an n-dimensional vector space over aniis1
arbitrary field K, V is the quotient space of V by the subspace K ? x q0 1
.x q ??? qx . Thus we write2 n
K V s K x , . . . , x , .  .1 n
and
K V s K x , . . . , x with x q x q ??? qx s 0. .  .0 1 n 1 2 n
 .DEFINITION 3.1. The twisted action of S on K V is defined asn
 .i Case 1. When char K / 2,
x if s g A ,s  i. n
s x [ .i  yx if s g S _ A .s  i. n n
 .ii Case 2. When char K s 2,
x if s g A ,s  i. n
s x [ .i  x q 1 if s g S _ A .s  i. n n
When char K / 2 or when char K s 2 and n is an even integer, the
 .  .twisted action of S on K V induces the twisted action of S on K V .n n 0
 .Note that the twisted actions are not well-defined on K V when char K0
s 2 and n is odd.
 .THEOREM 3.2. Assume that char K / 2. If S acts on K V by twistedn
actions, then the fixed fields
SSS S nnn nK V , K V , K P V , and K P V .  .  .  . .  .0 0
are rational o¨er K.
 . Proof. The case when n s 2 is trivial because K x , x s K x q1 2 1
.  .  .  .  .x , x and s x q x s y x q x , s x s x y x q x ; we may2 1 1 2 1 2 1 1 1 2
then apply Lemma 2.3. Hence we assume that n G 3.
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 .Sn  .SnIt is not difficult to attack the cases of K V and K V directly.0
  ..Sn   ..SnHowever, we shall reduce these cases to K P V and K P V as0
follows. Note that
K V s K P V x and K V s K P V x . .  .  .  .  .  . .  .1 0 0 1
  ..   ..Since n G 3, the twisted actions of S on K P V and K P V aren 0
faithful. Apply Lemma 2.1. We find that
SSS S nnn nK V s K P V y and K V s K P V z .  .  .  .  .  . .  .0 0
 .  .for some y and z such that s y s y, s z s z for any s g S . It remainsn
  ..Sn   ..Snto prove the rationality of K P V and K P V .0
 .Since the ordinary actions of S and the twisted actions agree on P Vn
 . w xand P V , the rationality follows from HK3, Lemma 1 .0
 .3.3. Discussion. Let S ª GL U be any faithful representation andn
 .S ª GL V the representation associated to the ordinary action of S . Byn n
Lemma 2.1, we may find y , . . . , y and z , . . . , z with m s dim U so that1 n 1 m
K U [ V s K U y , . . . , y , .  .  .1 n
K U [ V s K V z , . . . , z , .  .  .1 m
s y s y , s z s z for any s g S . .  .i i j j n
 .Sn  .SnSince K V is rational over K, it follows the K U is stably rational
over K. A field L is called stably rational over K if there exist u , . . . , u1 k
 .so that L u , . . . , u is rational over K and u , . . . , u are algebraically1 k 1 k
.independent over L.
 .If n F 4 and S ª GL U is any linear representation, it is not difficultn
 .Snto show that K U is rational over K for any field K. It is proved by
 .S5Shepherd-Barron that C U is rational over C for any complex linear
 . w x  .Snrepresentation S ª GL U Sh . It is unknown whether C U is rational5
 .for any n G 6 and any representation S ª GL U .n
 .THEOREM 3.4. Assume that char K s 2. If S acts on K V by twistedn
 .Sn  .Snactions, then K V is rational o¨er K. Moreo¨er, if n is e¨en, then K V0
is also rational o¨er K.
  ..Remark. The twisted actions are not well-defined on K P V and
  ..K P V when char K s 2.0
Proof.
Case 1. n Is an Odd Integer
We may assume that n G 3.
Define
x [ x q x q ??? qx ,0 1 2 n
y [ x q x , for 1 F i F n.i i 0
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Then
y q y q ??? qy s 0,1 2 n
and
s y s y for any s g S , .i s  i. n
x , if s g A ,0 n
s x s .0  x q 1, if s g S _ A .0 n n
 .By Lemma 2.1, there exists some element w such that s w s w for
 .  .  .any s g S and K x , . . . , x s K y , . . . , y , x s K y , . . . , y , w . Thus,n 1 n 1 n 0 1 n
 .Sn  .Sn .  .K V s K y , . . . , y w s K f , f , . . . , f , w by Lemma 2.2 where1 n 2 3 n
f , f , . . . , f are the elementary symmetric functions of y , . . . , y .1 2 n 1 n
Case 2. n Is an E¨en Integer
w xS2 w xS2 w It is easy to verify that K x , x s K x , x q x s K x x q1 2 1 1 2 1 2
. x1 , x q x . Hence we assume that n G 4 from now on. We shall establish1 2
 .Sn  .Snthe rationality of K V and K V by the same technique.0
 .  .  .  .Write K V s K x , . . . , x and K V s K x , . . . , x with the rela-1 n 0 1 n
 .  .tion x q x q ??? qx s 0. Let u be some element of K V or K V ,1 2 n 0
which will be specified later. Define
y [ x q u. 1 .i i
 .Thus, in the case of K V , we have y q y q ??? qy s 0.0 1 2 n
Let f , . . . , f be the elementary symmetric functions of x , . . . , x , and1 n 1 n
 .  .g s g u , . . . , g s g u be the elementary symmetric functions of1 1 n n
y , . . . , y . Note that g , g , . . . , g are functions of u and in the case of1 n 1 2 n
 .K V , f s g s 0. Since0 1 1
T n q g T ny1 q g T ny2 q ??? qg T q g1 2 ny1 n
n
s T q y . i
is1
n
s T q u q x . i
is1
n ny1s T q u q f T q u q ??? qf T q u q f .  .  .1 ny1 n
jn n y i jy i nyjs f u T ,  i /n y j
js0 is0
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where f [ 1, it follows that for 1 F j F n,0
j
n y i jy ig u s f u . 2 .  .j i /n y j
is0
 .  .  .Note that s f s f if s g A . As to s g S _ A , since s f , s f ,i i n n n 1 2
 .. . . ,s f are the elementary symmetric functions of x q 1, x qn 1 2
1, . . . , x q 1, we find thatn
j
n y i
s f s f , for 1 F i F n , 3 . . j i /n y j
is0
 .by letting u s 1 in Formula 2 .
 .  .SnSubcase 2.1. n s 0 mod 4 and K V .
 .  .In 1 , substitute u by g [ f rf . From 2 , we find that2 1
n n y 12g g s g q f g q f .2 1 2 /  /n y 2 n y 2
s f g q f1 2
s 0.
Hence
g g s 0. 4 .  .2
 .Moreover, because of 3 , we find that
g if s g A ,n
s g s 5 .  . g q 1 if s g S _ A .n n
 .  .Since y s x q g by 1 , it follows that s y s y for any s g S .i i i s  i. n
Define
yi
d [ . 6 . y y yi j1Fi-jFn
We find that
d if s g A ,n
s d s 7 .  . d q 1 if s g S _ A ,n n
 .  .  .  .by verifying 7 for the case s s 1, 2 , 2, 3 , . . . , n y 1, n only.
w x w xNote that K y , . . . , y is a subring of K x , . . . , x , 1rf . Since the1 n 1 n 1
 .elementary symmetric function of degree 2 in y , . . . , y , i.e., g g , is zero1 n 2
 .  . w xby 4 , and trans deg K y , . . . , y G n y 1, it follows that K y , . . . , yK 1 n 1 n
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w xis isomorphic to K Y , . . . , Y r Y Y . Applying the same tech-1 n 1F i- jF n i j
w x  .Snnique as in HK3, Lemma 1 , it is easy to show that K y , . . . , y s1 n
  .  .  .. w xSn w  .  .  .xK g g , g g , . . . , g g and K y , . . . , y s K g g , g g , . . . , g g1 3 n 1 n 1 3 n
 .because g g s 0.2
Now we have
S Sn nK V s K x , . . . , x .  .1 n
Sns K y , . . . , y , g .1 n
Sns K y , . . . , y , g q d .1 n
Sns K y , . . . , y g q d .  .1 n
s K g g , g g , . . . , g g , g q d .  .  . .1 3 n
is rational over K.
 .Subcase 2.2. n s 2 mod 8 .
 .  .In 1 , substitute u by g [ f rf . Note that n G 4. Similar to Subcase4 3
n n y 1 n y 2 .  .  .  .  .2.1, we find that g g s 0 by 2 , because s s s 04 n y 4 n y 4 n y 4
 .  .and therefore g 1 s f q f , g g s f g q f .4 3 4 4 3 4
 .Recall that y s x q g . Define d by 6 . Then it is routine to check thati i
 .  .both Formulae 5 and 7 are valid. Hence, we find that
SnK V s K g g , g g , g g , g g , . . . , g g , g q d .  .  .  .  .  . .1 2 3 5 n
is rational over K by similar arguments and
S Sn nK V s K x , . . . , x with x q ??? qx s 0 .  .  .0 1 n 1 n
Sns K y , . . . , y , g q d with y q ??? qy s 0 .  .1 n 1 n
Sns K y , . . . , y g q d .  .1 n
s K g g , g g , g g , g g , . . . , g g , g q d .  .  .  .  . .2 3 5 6 n
 .  .is rational over K because g g s 0 and g g s 0.1 4
 .Subcase 2.3. n s 6 mod 8 .
 .In 1 , substitute u by
f f q f q f f f2 4 6 1 2 3
g [ .2f f q f f q f q f f2 3 1 4 5 1 3
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 .  .  .Again define y s x q g by 1 , and define d by 6 . By 2 , we find thati i
g g s f , g g s g 2 q f g q f , .  .1 1 2 1 2
g g s f , g g s g 4 q f g q f , .  .3 3 4 3 4
g g s f g 4 q f g 2 q f , .5 1 3 5
g g s g 6 q f g 5 q f g 4 q f g 3 q f g 2 q f g q f . .6 1 2 3 4 5 6
Hence we get
g g g g q g g q g g g g g g .  .  .  .  .  .2 4 6 1 2 3
s f f q f q f f f q g f f q f f q f q f 2 f .2 4 6 1 2 3 2 3 1 4 5 1 3
s 0.
 .   .  .  .  ..Therefore, g g g K g g , g g , g g , g g .6 1 2 3 4
 .  .Again we find that Formulae 5 and 7 remain in force. It follows that
S Sn nK V s K x , . . . , x .  .1 n
Sns K y , . . . , y , g .1 n
s K g g , . . . , g g , g q d .  . .1 n
$
s K g g , . . . , g g , . . . , g g , g q d .  .  . /1 6 n
and
S Sn nK V s K x , . . . , x with x q ??? qx s 0 .  .  .0 1 n 1 n
$ $
K g g , . . . , g g , g q d s K g g , . . . , g g , . . . , g g , g q d .  .  .  .  . .  /1 n 1 6 n
are rational over K.
 .  .SnSubcase 2.4. n s 0 mod 8 and K V .0
 .In 1 , substitute u by
f 2 f q f f 2 q f 2 f2 6 2 4 3 4
g [ .2 3f f q f2 5 3
By the same procedure as above and remembering f s 0, we find that1
2 2 2g g g g q g g g g q g g g g .  .  .  .  .  .2 6 2 4 3 4
s f 2 f q f f 2 q f 2 f q g f 2 f q f 3 .2 6 2 4 3 4 2 5 3
s 0.
 .   .  .  ..Hence, g g g K g g , g g , g g .6 2 3 4
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 .Define d also by 6 .
It follows that
S Sn nK V s K x , . . . , x with x q ??? qx s 0 .  .  .0 1 n 1 n
Sns K y , . . . , y , g .1 n
s K g g , . . . , g g , g q d .  . .1 n
$ $
s K g g , . . . , g g , . . . , g g , g q d .  .  . /1 6 n
is rational over K.
 .  .SnSubcase 2.5. n s 4 mod 8 with n G 12 and K V .0
 .In 1 , substitute u by
f f 2 q f f 2 q f 24 5 2 6 7
g [ .2f f3 5
Again we find that
2 2 2g g g g q g g q g g g g .  .  .  .  .4 5 7 2 6
s f f 2 q f f 2 q f 2 q g f f 24 5 2 6 7 3 5
s 0.
 .   .  .  .  ..Hence g g g K g g , g g , g g , g g .2 4 5 6 7
 .Define d by 6 .
It follows that
S Sn nK V s K x , . . . , x with x q ??? qx s 0 .  .  .0 1 n 1 n
SnK y , . . . , y , g .1 n
s K g g , . . . , g g , g q d .  . .1 n
$ $
s K g g , g g , g g , . . . , g g , g q d .  .  .  . /1 2 3 n
is rational over K.
 .S4Subcase 2.6. n s 4 and K V .0
Define y , y , y , z by1 2 0
y [ x q x , y [ x q x , y [ x ,1 1 2 2 2 3 0 2
z [ y y q y y q y y q y q y . .  .  .0 1 0 2 0 1 2 0
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Let m, n , s , t g S be elements defined by4
m s 1, 2 3, 4 , n s 1, 3 2, 4 , .  .  .  .
s s 1, 2, 3 , t s 1, 2 . .  .
Then
m y s y , m y s y , m y s y q y , .  .  .1 1 2 2 0 1 0
n y s y , n y s y , n y s y q y q y . .  .  .1 1 2 2 0 1 2 0
Hence
 :  :m , n m , nK V s K y , y , y s K y , y , z . .  .  .0 1 2 0 1 2
The actions of s and t on y , y , z are given by1 2
s y s y , s y s y q y , s z s z , .  .  .1 2 2 1 2
t y s y , t y s y q y , t z s z q ¨ , .  .  .1 1 2 1 2
2 2  .where ¨ [ 1 q y q y y q y q y y y q y .1 1 2 2 1 2 1 2
 .  .Thus, by Lemma 2.1, we can find w g K y , y , z such that s w s1 2
 .  .  .t w s w and K y , y , z s K y , y , w . It follows that1 2 1 2
 :s , t :S m , n4K V s K V .  . 50 0
 :s , ts K y , y , z .1 2
 :s , ts K y , y , w .1 2
 :s , ts K y , y w .  .1 2
s K y y q y y q y y , y y y , w .1 2 2 3 3 1 1 2 3
is rational over K where y is defined to be y [ y q y .3 3 1 2
Thus we have finished the proof of Theorem 3.3.
With the aid of Lemma 2.3, we restate Theorems 3.2 and 3.4, except that
 .Snof K V , as0
 .THEOREM 3.5. Let K be any field and S act on K x , x , . . . , x byn 1 2 n
x , if s g A ,s  i. n
s x [ .i y1 x , if s g S _ A .s  i. n n
 .SnThen K x , . . . , x is rational o¨er K.1 n
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 .3.6. Discussion. If G is a finite subgroup of GL Z , we define ann
 .action of G on K x , . . . , x by1 n
n
ni js x [ x , 8 .  .j i
is1
 .where s s n g G. Such a K-automorphism is called a purelyi j 1F i, jF n
w x  .Gmonomial automorphism in HK1, HK2 . The fixed field K x , . . . , x is1 n
wstudied by Saltman under the name of multiplicative field invariants S1,
xS2 .
 .If G ; GL Z and G is a finite reflection group, it is proved by Farkasn
 .Gthat C x , . . . , x is rational over C under the multiplicative action of G1 n
 . w xdefined by 8 F, Theorem 10 .
On the other hand, Saltman finds some multiplicative actions of S ,n
wwhich will produce non-rational fixed subfields S1, Corollary 3.3; S2,
xCorollary 13 .
 .A Final Remark. Let S act on K x , . . . , x byn 1 n
a
s x [ .i xs  i.
for any s g S _ A where a g K _ K 2 is an element independent of s . Itn n
 .Snis unknown whether K x , . . . , x is rational under this action. We don't1 n
know the answer even in the case n s 3.
 k . .  k . .4. THE CASE OF K S V AND K H V
Let V and V be the same as in Section 3. We shall define twisted0
actions of S on the symmetric power S k .V and the exterior power H k .V.n
 . ` k .Let T V [ [ T V be the graded tensor algebra of V. Recall thatks0
 . ` k .the symmetric algebra S V [ [ S V is the graded quotient ring ofks0
 .T V modulo the homogeneous ideal generated by
 4¨ m w y w m ¨ : ¨ , w g V .
The symmetric power S k .V is isomorphic to the vector space of homo-
w xgeneous polynomials of degree k in K x , x , . . . , x . Thus we shall write1 2 n
S k .V s K ? x a1 x a2 ??? x an .[ 1 2 n
Sa ski
 . n k .The exterior algebra H V [ [ H V is the graded quotient ringks0
 .of T V modulo the homogeneous ideal generated by
 4¨ m ¨ : ¨ g V .
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We write
H k .V s K ? x n x n ??? n x .[ i i i1 2 k
i -i - ??? -i1 2 k
 .  .DEFINITION 4.1. For 1 F k F n, let S k be the set of all unordered
 4  .k-subsets of 1, 2, . . . , n . We shall denote by V k the vector space with
 k .  4  .4 basis x x ??? x g S V : i , . . . , i g S k . Remember that V de-i i i 1 k1 2 k
 .notes an n-dimensional vector space. Hence the dimension of V k is
 . .clear from the notation V k .
Ä  .Similarly, let S k be the set of all ordered k-subsets, i.e., the k-tuples
Ä .  .i , i , . . . , i with i / k if 1 F j - l F k. We shall denote by V k the1 2 k j l
Ä  .  .4vector space with basis x m x m ??? m x : i , i , . . . , i g S k .i i i 1 2 k1 2 k
DEFINITION 4.2. Let K be any field, S act on V [ [n K ? x byn iis1
 . k . k . s x [ x . The natural actions of S induced on S V, H V excepti s  i. n
Ä.  .  .when char K s 2 , V k and V k are called the ordinary actions of S .n
For example
s x a1 x a2 ??? x an [ x a1 ??? x an , .1 2 n s 1. s n.
and
s x n x n ??? n x [ x n ??? n x if char K / 2. .i i i s  i . s  i .1 2 k 1 k
When char K s 2, the ordinary action of S on H k . V will be definedn
in Definition 4.5.
DEFINITION 4.3. We shall define the twisted actions of S .n
Case 1. When char K / 2, the twisted actions of S on S k . V, H k . V,n
Ä .and V k are defined by
s x a1 x a2 ??? x an [ sgn s ? x a1 ??? x an , if Sa s k , . .1 2 n s 1. s n. i
s x n ??? n x [ sgn s ? x n ??? n x , . .i i s  i . s  i .1 k 1 k
s x m x m ??? m x [ sgn s ? x m x m ??? m x , . .i i i s  i . s  i . s  i .1 2 k 1 2 k
Äif i , . . . , i g S k , .  .1 k
 .where sgn s s 1 or y1 according to s g A or s g S _ A .n n n
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 k . .Case 2. When char K s 2, the twisted actions of S on K S V andn
Ä  ..K V k are defined by
x a1 ??? x an , if s g A ,s 1. s n. n
a a1 ns x ??? x [ . a a1 n 1 n x ??? x q 1, if s g S _ A ,s 1. s n. n n
x m ??? m x , if s g A ,s  i . s  i . n1 k
s x m ??? m x [ .i i1 k  x m ??? m x q 1, if s g S _ A .s  i . s  i . n n1 k
 .The twisted action of S on V k , for char K s 2 or / 2, is then
restriction of that of S on S k .V.n
 4  .DEFINITION 4.4. For any s g S , any k-subset i , . . . , i g S k withn 1 k
i - i - ??? - i , if r is the number of inversions of the ordered k-tuple1 2 k
  .  .  ..s i , s i , . . . , s i , then denote1 2 k
 4inv s ; i , . . . , i s r g N j 0 . .1 k
  .  .  .4  4In other words, if s i , s i , . . . , s i s j , . . . , j with j - j -1 2 k 1 k 1 2
??? - j , then in U [ [ Q ? x n x n ??? n x ,k l l ll - ? ? ? - l 1 2 k1 k
 .inv s ; i , . . . , i1 kx n x n ??? n x s y1 x n x n ??? n x . .s  i . s  i . s  i . j j j1 2 k 1 2 k
DEFINITION 4.5. When char K s 2, we define the ordinary action of Sn
 k . .on K H V as
x n ??? n x , if inv s ; i , . . . , i is even, .s  i . s  i . 1 k1 k
s x n ??? n x [ .i i1 k  x n ??? n x q 1, if inv s ; i , . . . , i is odd, .s  i . s  i . 1 k1 k
where 1 F i - i - ??? - i F n.1 2 k
When char K s 2, the twisted action of S on H k . V is defined asn
s x n ??? n x .i i1 k
¡ if s and inv s ; i , . . . , i are both .1 k
even or both odd as a permutationx n ??? n x ,s  i . s  i .1 k~[ and as a number, rspectively ,.¢x n ??? n x q 1, otherwise,s  i . s  i .1 k
where 1 F i - i - ??? - i F n.1 2 k
Note that if char K s 2, then x n x s x n x . Thus, if char K s1 2 2 1
k .  .2, H V is isomorphic to V k as a vector space over K, but the ordinary
and twisted actions of S on them are different.n
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LEMMA 4.6. Let K be any field, p : Z ª K the canonical ring homomor-
 4  .  .phism. Define a function c : S = 1, 2, . . . , n ª Z by c s , i [ s i y in
for any s g S , any 1 F i F n. Then there is a well-defined group action of Sn n
w x w x w x w xon K V s K x , . . . , x and K V s K x , . . . , x with x q x q ??? qx1 n 0 1 n 1 2 n
s 0 defined as
s x [ x q p (c s , i 9 .  .  .i s  i.
w xSn w xfor any s g S , with 1 F i F n. Moreo¨er, K V s K g , g , . . . , g andn 1 2 n
w xSn w xK V s K g , . . . , g where g , g , . . . , g are the elementary symmetric0 2 n 1 2 n
functions of x q i for 1 F i F n.i
 .Proof. It is routine to check that Formula 9 provides a group action
w x w xof S on K V and K V .n 0
For 1 F i F n, define y byi
y [ x q i .i i
 .For any s g S , it is easy to check that s y s y for any 1 F i F n.n i s  i.
Hence the result.
The above arguments show that the actions of S on the vector spacesn
 n 4 n  .K [ [ K ? x and K [  K ? x with x q x q ??? qx s 0 split,i is1 i 1 2 nis1
i.e., they are isomorphic to K [ V and K [ V , respectively.0
LEMMA 4.7. Let the assumptions and notations be the same as in Lemma
4.6 and assume that char K s 2. Then there is a well-defined group action of
w xS on K V defined asn
x q p (c s , i , if s g A , .s  i. n
s x [ .i  x q p (c s , i q 1, if s g S _ A . .s  i. n n
 .SnUnder this action, K V is rational o¨er K. Moreo¨er, if n is e¨en, then the
w x  .Sninduced action of S on K V is well-defined and K V is also rationaln 0 0
o¨er K.
Proof. Let y , . . . , y be the same as in the proof of Lemma 4.6. Then1 n
the action in this lemma becomes
y , if s g A ,s  i. n
s y [ .i  y q 1, if s g S _ A .s  i. n n
It is obviously a group action because char K s 2. Now we may apply
Theorem 3.4.
HAJJA AND KANG642
Ä  ..THEOREM 4.8. For 1 F k F n, let S act on K V k by the ordinaryn
Ä Sn  ..action. Then K V k is rational o¨er K. Moreo¨er, if char K / 2, then
Ä Sn Ä   ...     ...K P V k is also rational o¨er K. Note that if char K s 2, K P V k
is not in¨ariant under the ordinary action of S when it is regarded as an
Ä  .. .subfield of K V k .
Proof. It suffices to consider the case 2 F k F n.
For each i with 1 F i F n, define
y [ S x m x m x m ??? m x ,i i j j j1 2 ky1
 .  . where j , j , . . . , j runs over all ordered k y 1 -subsets of 1, 2, . . . ,1 2 ky1
4i y 1, i q 1, . . . , n . Define
n
U [ K ? y .[ i
is1
Hence U is S -equivariant isomorphic to V. Moreover, by Lemma 2.1, wen
Ä Ä  ..   ..  . .can find z , . . . , z g K V k such that K V k s K U z , . . . , z and1 N 1 N
Ä . <  . <s z s z for any s g S , for any 1 F j F N where N [ S k y n. Thusj j n
Sn SnÄK V k s K U z , . . . , z .  .  . . 1 N
Sns K U z , . . . , z .  .1 N
Sn, K V z , . . . , z .  .1 N
is rational over K.
Ä   ...Now consider the case K P V k and char K / 2. Keep the notations
U, y as above. Definei
n
z [ y g U.0 i
is1
 .Note that s z s z for any s g S and, by Lemma 2.1, we have0 0 n
x m ??? m xi i1 kÄ ÄK P V k s K : i , . . . , i g S k .  .  . . . 1 k /z0
s K P U w , . . . , w , .  . . 1 N
 .   ..Snwhere s w s w for s g S and 1 F j F N. Now K P U is rationalj j n
over K because y rz q y rz q ??? qy rz s 1 and we may apply Lemma1 0 2 0 n 0
2.2.
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Remark. There is an amusing coincidence of the above theorem and
 .the Buckminsterfullerene C the buckyball, for short . A buckyball is a60
truncated icosahedron. It has 32 faces, 12 being pentagons and 20 being
 .hexagons. G. James indexes the 20 hexagons by ordered pairs i, j where
1 F i, j F 5 with i / j. The symmetry group of the buckyball is A . The5
Ä .  .action of A on the 20 hexagons i, j 's is just the restriction of S on V 25 5
w xwith n s 5 by the ordinary action in the above theorem J, Sect. 2 .
THEOREM 4.9. Assume that char K / 2. If S acts on the following fieldsn
by twisted action,
k . Ä k .K H V , K V k , K V k , K P H V , .  . . .  . . .
ÄK P V k , K P V k , where 1 F k F n , .  . . .  . .
and
K S k .V , K P S k .V , where k s 1, 2, . . . , .  . .
then the fixed fields of these fields under S are rational o¨er K.n
Proof. By excluding the trivial cases, we may assume that the fixed
fields we consider are of transcendence degree G 2.
 .Let y [ x x ??? x g V k . Then1 2 k
x x ??? xi i i1 2 k  4K P V k s K : i , . . . , i g S k . .  . . . 1 k /y
Hence
K V k s K P V k y s K P V k z .  .  .  .  . .  .  . .  .
 .for some z with s z s z for all s g S by Lemma 2.1.n
On the other hand, the ordinary action and the twisted action of Sn
  .. w x    ...Sncoincide on P V k . Apply HK3, Theorem 3 . We find that K P V k
is rational over K.
wThe other cases can be proved similarly by using Theorem 4.8 and HK3,
xTheorems 2 and 4 .
THEOREM 4.10. Assume that char K s 2. If S acts on the followingn
fields by twisted actions,
ÄK V k , K V k , where 1 F k F n , .  . .  .
and
K S k .V , where k s 1, 2, . . . , .
then the fixed fields of these fields under S are rational o¨er K.n
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Remark. When char K s 2, the actions of S are not well-defined onn
  ..P V k , etc.
 k . .Proof. Case 1. For K S V , define
n
k k .U s K ? x ; S V . i
is1
Then U is S -equivariant isomorphic to V. Hence, we may apply Lemman
2.1 and Theorem 3.4.
  ..Case 2. For K V k with 1 F k F n, we may assume that 2 F k F n
y 1 and n G 3 since the other situations are trivial.
For each i, 1 F i F n, define
y [ x x x ??? x g V k , .i i j j j1 2 ky1
 4  . where j , . . . , j runs over all k y 1 -subsets of 1, 2, . . . , i y 1, i q1 ky1
41, . . . , n . We find that
y , if s g A ,¡ s  i. n~s y s .i n y 1y q , if s g S _ A .¢ s  i. n n /k y 1
We claim that either y , . . . , y are linearly independent over K or the1 n
``only'' non-trivial relation among y , . . . , y is y q y q ??? qy s 0. For,1 n 1 2 n
suppose that
a y q a y q ??? qa y s 0 10 .1 1 2 2 n n
 .  .is a non-trivial relation. Apply s s 1, 2 to Eq. 10 and add these two
n y 1 . .  .equations together. We get a q a y q y q a q a1 2 1 2 1 2k y 1
.q ??? qa s 0.n
Since y q y / 0 and is transcendental over K, we find that a s a .1 2 1 2
Similarly, a s a , . . . , a s a . We are done.1 3 1 n
We conclude that U [ n K ? y is S -equivariant isomorphic to V oris1 i n
n y 1 .V with the ordinary action when is even, and is S -equivariant0 nk y 1
n y 1 .isomorphic to V or V with the twisted action if is odd. Note that if0 k y 1
U is isomorphic to V with the twisted action, then it is necessary that n is0
even.
w xThus we may apply Lemma 2.1, Theorem 3.4, and HK3, Theorem 3 .
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Ä  ..Case 3. For K V k with 1 F k F n, keep the same notations U, y ,i
and use the same technique as in the proof of Theorem 4.8. Hence we may
 .reduce the problem to that of K U with U , V. Note that, when 3 F k F
 .n y 1, the action of S on U is the ordinary action because n y 1 n yn
.  .2 ??? n y k q 1 is even.
THEOREM 4.11. Assume that char K s 2 and 1 F k F n. Suppose that
 k . .S acts on K H V either by the ordinary action or by the twisted action.n
 k . .SnThen K H V is rational o¨er K.
 k . .Remark. The action of S is not well-defined on P H V whenn
char K s 2.
Proof. Assume 2 F k F n y 1.
For each i, 1 F i F n, define
y [ S x n x n x n ??? n x g H k . V ,i i j j j1 2 ky1
 4  . where j , . . . , j runs over all k y 1 -subsets of 1, 2, . . . , i y 1, i q1 ky1
41, . . . , n . Define U as
n
U [ K ? y . i
is1
Case 1. Suppose that S acts on H k . V by the ordinary action.n
If k s 2, then for 1 F i F n y 1,
y , if j / i or i q 1,¡ j~y q 1, if j s i ,i , i q 1 ? y s .  . iq1j ¢y q 1, if j s i q 1.i
If 3 F k F n y 1, then for 1 F i F n y 1,
¡ n y 3y q , if j / i or i q 1,j  /k y 3
n y 2~y q , if j s i ,i , i q 1 ? y s .  . iq1j  /k y 2
n y 2y q , if j s i q 1.¢ i  /k y 2
Apply the same arguments as in Case 2 of the proof of Theorem 4.10.
We conclude that either y , . . . , y are linearly independent or y q y1 n 1 2
q ??? qy s 0 is the ``only'' non-trivial relation among them. More pre-n
cisely, we have the following situations.
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n y 2 n y 3 .  .  .  .i When k G 3 and s s 0 mod 2 ,k y 2 k y 3
y , if j / i or i q 1,¡ j~y , if j s i ,i , i q 1 ? y s .  . iq1j ¢y , if j s i q 1,i
and U , V or V as vector spaces over K.0
n y 2 n y 3 .  .  .  .ii When k s 2 or k G 3 with s 1 mod 2 , s 0k y 2 k y 3
 .mod 2 ,
y , if j / i or i q 1,¡ j~y q 1, if j s i ,i , i q 1 ? y s .  . iq1j ¢y q 1, if j s i q 1,i
and U , V or V as vector spaces over K.0
n y 2 n y 3 .  .  .  .  .iii When k G 3 and s 0 mod 2 , s 1 mod 2 ,k y 2 k y 3
y q 1, if j / i or i q 1,¡ j~y , if j s i ,i , i q 1 ? y s .  . iq1j ¢y , if j s i q 1,i
and U , V or V as vector spaces over K. Note that if U , V it is0 0
 . .necessary that n s 0 mod 2 .
n y 2 n y 3 .  .  .  .iv When k G 3 and s s 1 mod 2 ,k y 2 k y 3
y q 1, if j / i or i q 1,¡ j~y q 1, if j s i ,i , i q 1 ? y s .  . iq1j ¢y q 1, if j s i q 1,i
and U , V or V as vector spaces over K. Note that if U , V it is0 0
 . .necessary that n s 0 mod 2 .
 .Note that the situation in i is just the ordinary action on V or V0
 .considered in Lemma 2.2. The situation in ii is the action on V or V0
 .considered in Lemma 4.6. The situation in iii is the action on V and V0
 .considered in Lemma 4.7. The situation in iv is the action on V or V0
considered in Theorem 3.4.
 k . .  . .Apply Lemma 2.1. We get K H V s K U z , . . . , z for some1 N
n .  .z , . . . , z with s z s z for any s g S and 1 F j F N where N [1 N j j n k
y dim U. Hence the result.
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Case 2. Suppose that S acts on H k . V by the twisted action.n
If k s 2, then for 1 F i F n y 1,
¡y q n y 1 , if j / i or i q 1, .j~y q n y 2 , if j s i ,i , i q 1 ? y s  . .  . iq1j ¢y q n y 2 , if j s i q 1. .i
If k G 3, then for 1 F i F n y 1,
¡ n y 1 n y 3y q y , if j / i or i q 1,j  /  /k y 1 k y 3
n y 1 n y 2~y q y , if j s i ,i , i q 1 ? y s .  . iq1j  /  /k y 1 k y 2
n y 1 n y 2y q y , if j s i q 1.¢ i  /  /k y 1 k y 2
The remaining part of the proof is similar to that of Case 1. We leave
the verification of the details to the reader. Thus the proof of Theorem
4.11 has been finished.
We leave to the reader the task of translating Theorems 4.9, 4.10, and
4.11, into multiplicative group actions.
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